Hereditarily weakly confluent maps and a characterization of Class HW  by Grace, E.E. & Vought, E.J.
Topology and its Applications 100 (2000) 211–218
Hereditarily weakly confluent maps and
a characterization of Class HW
E.E. Grace a,1, E.J. Vought b,∗
a Arizona State University, Department of Mathematics, Tempe, AZ 85287-1804, USA
b California State University Chico, Department of Mathematics, Chico, CA 95929-0525, USA
Received 15 January 1998; received in revised form 17 March 1998
Abstract
First it is proved that the image of any hereditarily unicoherent continuum under a hereditarily
weakly confluent map is also hereditarily unicoherent. This answers a question raised in 1979 by
T. Mac´kowiak. Second, a characterization is established for Class HW , i.e., for the class of all
continua Y such that each mapping from a continuum onto Y is hereditarily weakly confluent. That
characterization is used to prove J.F. Davis’ theorem that atriodic, acyclic curves are in Class HW .
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1. Introduction
One purpose of this paper is to prove that the image of a hereditarily unicoherent
continuum under a hereditarily weakly confluent map is hereditarily unicoherent (see
below for the definitions). This answers a question raised by Mac´kowiak in 1979 [7,
Problem 7.7, p. 60], and yields a partial answer to another question of his [7, Problem 8.15,
p. 73] that asks if every hereditarily weakly confluent image of an arc-like continuum is
arc-like. The answer is yes for hereditarily decomposable, arc-like continua.
A second purpose is to provide a characterization. In 1972 Lelek introduced a class of
continua known as Class W , and in 1977 Mac´kowiak introduced a class of continua known
here as Class HW . A continuum Z belongs to Class W provided that each map f from a
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continuum X onto Z is weakly confluent and if, in addition, f |C is weakly confluent
for every subcontinuum C of X, then Z belongs to Class HW . Arcs are in Class HW
as are all chainable continua [9, Theorem 4, p. 236]. Grispolakis and Tymchatyn have
shown [4, Corollary 5.6, p. 500] that atriodic, tree-like continua are in Class HW and,
more generally, Davis has proved [3, Theorem, p. 479] that atriodic, acyclic curves are
in Class HW . Grispolakis and Tymchatyn have characterized Class W from the point of
view of hyperspaces [5, Theorem 3.2, p. 178]. In this paper we provide a characterization
of Class HW and, as an application, a short proof of Davis’ theorem that atriodic, acyclic
curves are in Class HW .
All spaces considered are metric, and by a continuum we mean a nondegenerate,
compact, connected, metric space. A map is a continuous function. A map f :X  Y
(the two-headed arrow indicates a surjection) is weakly confluent if X is a continuum and,
for every subcontinuum K of Y , there is a subcontinuum H of X such that f (H) = K .
If f |C is weakly confluent for every subcontinuum C of X, then f is hereditarily
weakly confluent. A continuum X is the essential sum of subcontinua A, B , and C, if
X = A ∪ B ∪ C and no one of A, B , and C is contained in the union of the other two.
A continuum is a triod provided it is the essential sum of three subcontinua A, B , and C,
where A∩B ∩C is a continuum called a hub, and A∩B =A∩C = B ∩C =A∩B ∩C.
A continuum is atriodic if it contains no triod. A continuumX is unicoherent provided that
if X is the union of proper subcontinua A and B , then A ∩ B is connected. A continuum
is hereditarily unicoherent if each subcontinuum is unicoherent. Denote the unit circle
in the complex plane by S1 and the real numbers by R. A map f from a continuum
X to S1 is inessential if there exists a map φ from X to R such that f = r ◦ φ where
r(x)= (cos 2pix, sin 2pix) is the winding map of R onto S1. If every map from X to S1 is
inessential and X is one-dimensional, then X is an acyclic curve. Finally a map f :X Y
is atriodic, if wheneverK is a subcontinuum of Y , there exist components C1 and C2 (not
necessarily distinct) of f−1(K) such that f (C1)∪ f (C2)=K and, if C is any component
of f−1(K), then f (C)⊆ f (C1) or f (C)⊆ f (C2). It is known that f is an atriodic map if
the image continuum Y is an atriodic continuum [7, Theorem 6.12, p. 53].
2. Hereditarily weakly confluent maps
The first purpose of this paper is to prove the following theorem, which is independent
work of the second author.
Theorem 1. If X is a hereditarily unicoherent continuum and f :X Y is hereditarily
weakly confluent, then Y is hereditarily unicoherent.
Proof. Suppose Y is not hereditarily unicoherent and let W ′ be a subcontinuum of Y such
thatW ′ =H ′ ∪K ′ whereH ′,K ′ are subcontinua of Y andH ′ ∩K ′ = P ′ ∪Q′ , a separation.
Without loss of generality assume H ′ and K ′ are irreducible between P ′ and Q′. Let W
be a subcontinuum of X such that W is minimal with respect to mapping onto W ′; i.e.,
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f (W) =W ′ and if Z $W , where Z is a subcontinuum, then f (Z) 6=W ′. Let H and K
be subcontinua of W such that f (H)= H ′ and f (K) = K ′. Note that H 6= K . Suppose
H ∩ K intersects both f−1(P ′) and f−1(Q′). Then W = H ∪ K since W is minimal
with respect to the property of mapping onto W ′. Since H ∩K is connected because X is
hereditarily unicoherent, f (H ∩K) is a subcontinuum of W ′ intersecting both P ′ and Q′,
which is impossible.
Suppose H ∩ K intersects f−1(P ′) but not f−1(Q′). Again W = H ∪ K . Let T ′ be
a subcontinuum of W ′ such that T ′ ∩ (H ′\K ′) 6= ∅, T ′ ∩ (K ′\H ′) 6= ∅, T ′ ∩Q′ 6= ∅ and
T ′ ∩ P ′ = ∅. Let T be a subcontinuum of W such that f (T )= T ′. Then T intersects both
H and K but not H ∩ K , a contradiction. Similarly, the case where H ∩ K intersects
f−1(Q′) but not f−1(P ′) is impossible and so H ∩ K intersects neither f−1(P ′) nor
f−1(Q′); hence, H and K are disjoint.
Let R be a subcontinuum of W irreducible between H and K . Hence W =H ∪R ∪K
since W is minimal with respect to the property of mapping onto W ′. To see that R is
indecomposable, suppose R = RH ∪ RK where RH ∩H 6= ∅ 6= RK ∩K and RK ∩H =
∅=RH ∩K . Let RH ∩RK = C, a continuum. Then H ′ ⊆ f (H ∪RH )$H ′ ∪K ′ =W ′,
the latter inclusion following from the minimality of W with respect to the property of
mapping onto W ′. So f (H ∪ RH) ∩K ′ is the union of separated sets, one containing P ′
and one containingQ′. A similar statement is true for f (K ∪RK) ∩H ′. Hence(
f (H ∪RH )∩K ′
)∪ (f (K ∪RK)∩H ′)= f (H ∪RH)∩ f (K ∪RK),
the union of separated sets P ′′ and Q′′, with P ′ ⊆ P ′′ and Q′ ⊆ Q′′. Since f (C) ⊆
P ′′ ∪Q′′, then f (C), without loss of generality, is a subset of P ′′. Let T ′ be a subcontinuum
of W ′ such that
T ′ ∩P ′′ = ∅, T ′ ∩ (K ′\f (H ∪RH)) 6= ∅, T ′ ∩ (H ′\f (K ∪RK)) 6= ∅,
and let T be a subcontinuum of W such that f (T ) = T ′. Then T ∩ (H ∪ RH ) 6= ∅,
T ∩ (K ∪ RK) 6= ∅, but T ∩ C = ∅ since f (T ) = T ′ and T ′ ∩ f (C) ⊆ T ′ ∩ P ′′ = ∅.
But this is impossible for the continuum T , hence R is an indecomposable continuum.
So R is an indecomposable continuum, irreducible between H and K . To see that H
(and hence K) is a subcontinuum of R, suppose H 6⊆ R. Let H ∩ R = C, a continuum.
Then H ′ ∩ f (R ∪K) is the union of two separated sets P ′′ and Q′′, with P ′ ⊆ P ′′ and
Q′ ⊆Q′′ since no proper subcontinuum of W maps onto W ′. With H and K ∪ R in the
roles of H ∪RH and K ∪ RK , respectively, in the last paragraph, one can again deduce a
similar contradiction. So R is an indecomposable continuum with H ∪K ⊆ R =W , and
H,K are in different composants since R =W is irreducible between H and K .
Let Ĥ be the set of all points x in R such that x is contained in a subcontinuum that
is mapped onto H ′. Since H ⊆ Ĥ , Ĥ 6= ∅. Clearly Ĥ is closed. With a similar definition
of K̂ it is clear that K̂ is also a nonempty closed subset of R. Furthermore Ĥ and K̂
cannot intersect the same composant of R, for otherwise such a composant would contain
a continuum that maps onto W ′, contradicting the minimality of W with respect to the
property of mapping onto W ′. So Ĥ and K̂ are nonempty disjoint closed sets intersecting
no common composant. The union of all of the composants that intersect Ĥ is the union
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of countably many nowhere dense, closed subsets [2, Theorem 1, p. 37] and the same
holds for K̂ . Therefore there exists a composant V such that V ∩ Ĥ and V ∩ K̂ are
empty. Thus V ∩ f−1(P ′) = ∅ or V ∩ f−1(Q′) = ∅ for otherwise a subcontinuum of
V , irreducible between f−1(P ′) and f−1(Q′) would map onto H ′ or K ′, an impossibility
since V ∩ Ĥ = ∅ and V ∩ K̂ = ∅. Without loss of generality, suppose V ∩ f−1(P ′)= ∅.
Then V ∩ f−1(Q′) 6= ∅ or else f (V ) ⊆ H ′ or f (V ) ⊆ K ′ since V is connected. But
then f (W) = f (R) = f (V ) ⊆ H ′ $ W ′ or f (W) = f (R) = f (V ) ⊆ K ′ $ W ′, an
impossibility.
Let L′ be a continuum in W ′ such that L′ ∩ (H ′\K ′) 6= ∅ 6= L′ ∩ (K ′\H ′), L′ ∩P ′ 6= ∅,
L′ ∩Q′ = ∅. Let L be a continuum in W such that f (L) = L′. Choose x1, x2, . . . , in V
such that limxi = l, a point in L and f (l) ∈ H ′\K ′. Since V is dense in W = R, this
is possible. Now let V1,V2, . . . , be continua in V such that Vi is irreducible from xi to
f−1(Q′), i = 1,2, . . . , and lim supVi = L∗, a continuum. Since V ∩ f−1(P ′) = ∅, then
Vi∩f−1(P ′)= ∅ for i = 1,2, . . . . Thus f (Vi)⊆H ′ and, hence, f (L∗)⊆H ′. NowL∪L∗
is a continuum and f (L) ∩ P ′ 6= ∅ 6= f (L∗) ∩Q′ and f (L ∪L∗) contains H ′ but not K ′.
Similarly there is a continuum L∗∗ such that L ∪ L∗∗ is a continuum, f (L∗∗)⊆ K ′, and
f (L ∪ L∗∗) contains K ′ but not H ′. Thus for the proper subcontinuum L ∪ L∗ ∪ L∗∗ of
W , f (L ∪L∗ ∪L∗∗)=H ′ ∪K ′ =W ′, a contradiction. 2
Corollary 1. Let X be a hereditarily decomposable, arc-like continuum and f :X Y be
a hereditarily weakly confluent map. Then Y is arc-like and hereditarily decomposable.
Proof. Since X is arc-like, it is atriodic and hereditarily unicoherent. But any hereditarily
weakly confluent image of a hereditarily decomposable, atriodic continuum is hereditarily
decomposable and atriodic [6, Theorem 5.16, p. 145], so Y is hereditarily decomposable
and atriodic. Since X is hereditarily unicoherent, Y is also by Theorem 1. But any
hereditarily decomposable, hereditarily unicoherent, atriodic continuum is arc-like [1,
Theorem 11, p. 660], so Y is arc-like. 2
3. Characterization of Class HW
Next we provide a characterization of Class HW . To aid us we need the following lemma.
Lemma 1. The property of being in Class HW is hereditary for continua.
Proof. Suppose the lemma is false and that Z is a continuum in Class HW with a
subcontinuum Y that is not in Class HW . Assume without loss of generality that there
is a continuum X, disjoint from Z, and a map f :X Y that is not weakly confluent. Let
H be a subcontinuum of Y such that no component of f−1(H) maps onto H . Let x0 be a
point in X\f −1(H) and let W =Z∪X with the identification x0 = f (x0). Let F :W Z
be defined as follows: F is the identity on Z and F |X = f . Now F is not hereditarily
weakly confluent, since f = F |X is not weakly confluent. Hence Z is not in Class HW ,
a contradiction. 2
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Let Y be a compact, metric continuum, U , U1, and U2 be open proper subsets of Y ,
and P be a closed subset of Y contained in U such that U\P = U1 ∪ U2, a separation.
Intuitively what we want to do is construct a space Y (U1,U2,P ) that is a copy of Y except
that each point of P is split in two to form two copies of P , namely P1 and P2, with P1 and
P2 still attached to U1 and U2, respectively, but not attached to U2 and U1, respectively.
Let h be a homeomorphism on Y\P , and h1 and h2 be homeomorphisms on P such that Y ,
h(Y\P), P1 = h1(P ) and P2 = h2(P ) are disjoint. Let Y (U1,U2,P )= h(Y\P)∪P1 ∪P2
with the topology having {h(D)|D is an open set in Y\P } ∪ {h1(D ∩ P) ∪ h(D ∩U1)|D
is an open set in U and D ∩P 6= ∅} ∪ {h2(D ∩P) ∪ h(D ∩U2)|D is an open set in U and
D ∩ P 6= ∅} as a basis. Note that, with this topology, Y (U1,U2,P ) is a compact, metric
space and h,h1 ∪ (h|U1), and h2 ∪ (h|U2) are homeomorphisms. Note further that P1 and
P2 are disjoint closed sets. Let Π be the natural map from Y (U1,U2,P ) onto Y ; i.e., let
Π = h−1 ∪ h−11 ∪ h−12 , and observe that Π is continuous.
Theorem 2. A continuum Z ∈ Class HW if and only if Z is atriodic and, for each
subcontinuum Y of Z and subsets U1,U2, and P of Y such that Y (U1,U2,P ) is defined,
Y (U1,U2,P ) is not connected.
Proof. Suppose Z ∈ Class HW . Then Z is atriodic [6, Corollary 3.10, p. 130]. Suppose Z
has a subcontinuum Y with subsets U1, U2, and P such that Y (U1,U2,P ) is defined,
disjoint from Z, and connected. Let Π,h,h1, h2,P1 and P2 be as in the definition of
Y (U1,U2,P ). Let x be in P and, for i = 1,2, let Hi be a continuum in h(Ui\P) ∪ Pi
that contains hi(x) and intersects h(Ui\P). Then H1 ∩H2 = ∅, Π(H1)∩Π(H2) 6= ∅, and
H1 ∪H2 =Π−1(H) where H =Π(H1) ∪Π(H2). Hence Π is not weakly confluent and
Y is not in Class HW . By Lemma 1, Z is not in Class HW , a contradiction.
Suppose Z is not in Class HW , but has the other properties stated in the theorem.
First note that Z is hereditarily unicoherent. To see this, suppose Y is a non-unicoherent
subcontinuum of Z. Then Y =H ∪K where H and K are continua and H ∩K = P ∪Q,
a separation. Let U be open relative to Y such that P ⊆ U and U ∩ Q = ∅. Let U1 =
U ∩ (H\P), U2 =U ∩ (K\P). Now Y (U1,U2,P ) is connected, a contradiction.
Since Z is not in Class HW , there is a non-hereditarily weakly confluent map from a
continuum onto Z. Hence there is a non-weakly confluent map f from some continuum
X onto a subcontinuum Y of Z. Let C be a continuum in Y that f does not map any
subcontinuum ofX onto. Since Y is atriodic, f is an atriodic map [7, Theorem 6.12, p. 53];
i.e., there are components H1 and H2 of f−1(C) such that f (H1) ∪ f (H2)= C, and, for
any component H of f−1(C), either f (H) ⊆ f (H1) or f (H) ⊆ f (H2). Since f does
not map any continuum onto C, it follows that H1 and H2 are disjoint. Let C1 = f (H1)
and C2 = f (H2). Since C is unicoherent and atriodic, it is irreducible [10, Theorem 3.2,
p. 456], so it is irreducible between points p1 in C1\C2 and p2 in C2\C1. If H is a
component of f−1(C) and f (H)∩ (C1 ∩C2) 6= ∅, then either p1 ∈ f (H) or p2 ∈ f (H).
To see this, assume H is a component of f−1(C) such that f (H) ∩ (C1 ∩ C2) 6= ∅ and
f (H)∩ {p1,p2} = ∅. Let D be an open set containing H such that f (D) ∩ {p1,p2} = ∅.
Let Ĥ be the component of D that contains H . Then C ∪ f (Ĥ ) is the essential sum of
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C1, C2, and f (Ĥ ), and f (Ĥ ) ∩ C1 ∩ C2 6= ∅. Hence, C ∪ f (Ĥ ) contains a triod [10,
Theorem 1.8, p. 443]. But Y is atriodic, so no such component H of f−1(C) exists. Note
that this implies that no component of f−1(C) maps into C1 ∩C2.
There are not two componentsP andQ of f−1(C) such that f (P ) and f (Q) are disjoint
subsets of C\(C2∪{p1}). Assume to the contrary, and let U and V be open sets containing
P andQ, respectively, such that no two of f (U), f (V ), and C2∪{p1} intersect. Let P̂ and
Q̂ be the components of U and V , respectively, that contain P and Q, respectively. Then
C ∪ f (P̂ )∪ f (Q̂) is a triod with C1 as a hub. Since Y is atriodic, no two such components
exist.
For i = 1,2, let Ki , respectivelyK ′i , be the union of all componentsH of f−1(C) such
that f (H) ⊆ Ci , respectively pi ∈ f (H). Then f−1(C) = K1 ∪ K2, since f maps any
component of f−1(C) into C1 or C2 and K1 ∩K2 = ∅, since no component of f−1(C)
maps intoC1∩C2. The limit superior of any sequence of components ofK ′1 where the limit
inferior is not empty is a subcontinuum of a component ofK ′1, soK ′1 is closed. IfK1 =K ′1,
then K1 is closed. If K1 6= K ′1, then let x1, x2, . . . , be a sequence of points in K1\K ′1
that converges to a point x . For i = 1,2, . . . , let Qi be the xi -component of f−1(C),
and note that f (Qi) ⊆ C1\(C2 ∪ {p1}). Then f (Qi) ∩ f (Q1) 6= ∅ for i = 1,2, . . . , so
L = lim sup{Qi} is a continuum in f−1(C) such that f (L) ∩ f (Q1) 6= ∅. It follows that
f (L) ∩ (C1\C2)⊇ f (L) ∩ f (Q1) 6= ∅, so x ∈ L⊆K1. Since any convergent sequence of
points in K1\K ′1 converges to a point in K1 and K ′1 is closed, it follows that K1 is closed.
Similarly K2 is closed, so K1 and K2 are disjoint closed sets.
Let V1 and V2 be open sets containing K1 and K2, respectively, and whose closures
are disjoint. The set V1 ∪ V2 contains f−1(C) so f (X\(V1 ∪ V2)) is a closed set in Y
that does not intersect C. For i = 1,2, let Wi = Vi ∩ f−1(Y\f (X\(V1 ∪ V2))). Now
W1 and W2 are closure-disjoint open sets containing K1 and K2, respectively, such that
f−1(f (W1) ∪ f (W2))=W1 ∪W2, f (W 1) ∩ C2\C1 = ∅, and f (W 2) ∩ C1\C2 = ∅. The
set L= C1 ∩ C2 is connected since Z is hereditarily unicoherent. Also L is a component
of f (W 1) ∩ f (W 2). To see this, assume L is not a component of f (W 1) ∩ f (W 2). Then
L is a proper subcontinuum of a continuum L̂ which is contained in f (W 1) ∩ f (W 2)
and therefore does not intersect C2\C1 or C1\C2. Then C ∪ L̂ is the essential sum of
C1, C2, and L̂ and C1 ∩ C2 ∩ L̂ 6= ∅. Hence C ∪ L̂ contains a triod [10, Theorem 1.8,
p. 443]. From this contradiction it can be concluded that no continuum in f (W 1)∩f (W 2)
intersects both L and [f (W 1) ∩ f (W 2)] ∩ f (X\(W1 ∪ W2)), which may be void. It
therefore follows that f (W 1) ∩ f (W 2) = P ∪ Q, where P and Q are disjoint closed
sets with L ⊆ P and [f (W 1) ∩ f (W 2)] ∩ f (X\(W1 ∪ W2)) ⊆ Q. Note that Q = ∅
if [f (W 1) ∩ f (W 2)] ∩ f (X\(W1 ∪ W2)) = ∅. Let U = [f (W1) ∪ f (W2)]\Q, U1 =
f (W1)\(P ∪ Q), and U2 = f (W2)\(P ∪ Q). Then U1 and U2 are separated open sets
and U\P =U1 ∪U2.
Consider the compact, metric space Y (U1,U2,P ), and the homeomorphisms h,h1, and
h2 used in the definition of Y (U1,U2,P ). Define a function f̂ from X onto Y (U1,U2,P )
as follows. If x ∈X\f −1(P ), let f̂ (x)= [h ◦ f ](x). For i = 1,2, let f̂ (x)= [hi ◦ f ](x),
if x ∈Wi ∩ f−1(P ). We wish to show that Y (U1,U2,P ) is connected. Let A and B be
disjoint subsets of Y (U1,U2,P ) whose union is Y (U1,U2,P ). Since X is connected
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and X = f̂−1(A) ∪ f̂−1(B), without loss of generality there is a point x0 in f̂−1(A)
and a sequence x1, x2, . . . in f̂−1(B) that converges to x0 with f (x0, x1, . . .) a subset
of the domain of one of the homeomorphisms h,h1 ∪ (h|U1) or h2 ∪ (h|U2). It follows
that f̂ |{x0, x1, . . .} is the composite of a continuous function and a homeomorphism,
so f̂ (x1), f̂ (x2), . . . converges to f̂ (x0). But f̂ (x0) ∈ A and {f̂ (x1), f̂ (x2), . . .} ⊆ B , so
B ∩ A 6= ∅. Since Y (U1,U2,P ) is not the union of two separated sets, it is connected.
This contradicts the hypothesis that Y (U1,U2,P ) is not connected and Theorem 2 is
proved. 2
4. Acyclic curves
Finally, we prove Davis’ theorem as a corollary of the next theorem.
Theorem 3. If Y is a continuum that admits only inessential maps to a simple closed
curve, then Y (U1,U2,P ) is not connected for any U1,U2, and P such that Y (U1,U2,P )
is defined.
Proof. Suppose there exist subsets U1,U2,P of Y such that Y (U1,U2,P ) is defined and
connected. Let f :Y → S1 be a map with the following properties:
f (P )= (1,0), f (Y\U)= (−1,0),
f (U1)⊆
{
(x, y) | (x, y) ∈ S1 and y > 0}, and
f (U2)⊆
{
(x, y) | (x, y) ∈ S1 and y < 0}.
Since f is inessential, there exists a map φ :Y → R such that f = r ◦ φ, where r(x) =
(cos 2pix, sin 2pix) for all x ∈R.
Let a be an integer in φ(Y ) ∩ r−1((1,0)) and let A = φ−1(a). For i = 1,2, let
Ai = Π−1(A) ∩ Pi , where Π is the natural map of Y (U1,U2,P ) onto Y . Finally, let
K be a subcontinuum of Y (U1,U2,P ) that is irreducible between A1 and A2. Since
K\(A1 ∪ A2) is connected and does not intersect Π−1(A) = A1 ∪ A2, it follows that
[φ ◦ Π](K\(A1 ∪ A2)) is connected and does not contain a. However, for i = 1,2,
K\(A1 ∪ A2) contains a point xi of Π−1(Ui) such that [φ ◦Π](x1) ∈ (a, a + 1/2) and
[φ ◦Π](x2) ∈ (a− 1/2, a). Hence [φ ◦Π](K\(A1∪A2)) is a connected set that intersects
(−∞, a) and (a,∞), but does not contain a. This is a contradiction, so Y (U1,U2,P ) is
not connected. 2
Corollary 2 (Davis). Let Z be an atriodic, acyclic curve. Then Z ∈ Class HW.
Proof. Let Y be a subcontinuum of Z. Since dimZ = 1, any map from Y into S1 can be
extended to a map from Z into S1 [8, Theorem III.2, p. 38]. Thus Y admits only inessential
maps to S1. By Theorem 3, Y (U1,U2,P ) is not connected for anyU1,U2, and P for which
Y (U1,U2,P ) is defined. By Theorem 2, Z ∈ Class HW . 2
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